
CD GO 

DEATHS-POVEh OF A ONE-SIEED JEST Of FIT 
AGAMST STOCHJiSTICALM . COi^AMBLE .,/ 

M.TEEMATIVES 

By 

Z. W. Birnbaum and Ernest M. Scheuer 

University of Washington 

Technical Report No. 1$ 

June 18, 1954 

Contract N8onr-520 Task Order II 
Project Number Ivt-042-038 

Laboratory of Statistical Research 
Department of Mathematics 
University of Washington 

Seattle, Washington 



• 
»*• ABr U J __•» i 

'•. 

FROM LOW CONTRAST COPY. 

1 

HMMSMfcflSW^ 



THIS REPORT HAS BEEN DELIMITED 

AND CLEARED FOR PUBLIC RELEASE 

UNDER DOD DIRECTIVE 5200,20 AND 

NO RESTRICTIONS ARE IMPOSED UPON 

ITS USE AND DISCLOSURE, 

DISTRIBUTION STATEMENT A 

APPROVED FOR PUBLIC RELEASE; 

DISTRIBUTION UNLIMITED, 



I IWTIODUCTIQN 

Let ¥ be the continuous cu-'.iult-tive distribution function (c.d.f,) 

for the randora v .riable (r.v») X and F the eapirical c.d.f. determined 

by the ordered sample X ,X?*...,Xr of X« F is defined by 

/b    for x<.X1 

(l„l)    Fn(x)=a j  k/n   for Xk^Lx<Xk>1j k«i,...,n~l 

I 1     for x2XQ 

It is kno-.m £lj that the probaDility P £j(x)< F (x) -f£, all xjis a 

function independent of F. We will use this function to test the 

hypothesis FwH against the alternative F=sG. The power of 'the test 

will be studied for alternatives G such that G(x)£H(x) for all x and 

such that 

sup       JHCJO-GCXJJ^ ^with pre-assigned£>0<, 

-cooc< -co 

Alternatives of this kind will be called "stochastically comparable, 

at distanceXfroai H." For brevity's sake we shall refer to then as 

alternatives (A). 

We assume throughout that H££(F), Gfi(F) where (I) is the set 

of all continuous strictly increasing ca.f.'s. 

We test F—H against F = G by the J allowing procedure. To aave a 

test of size^for saraole size n we will use the value f.   from 
n,<*, 

Table 1 in fsj, obtain an ordered sample X ,X ,„.**X of X, determine 

the empirical cd.f. of X and reject H if  and only if the inequality 

(1.2)      H(::KFn<x) + ^ 

faiiS to hold x :ir all real x. 



the pc^'o.r of this test is the eoapt^eatccry yrobabiaity to 

(1.3) P«*P $ K(x}< ?Jx)> £n of , for all *       GA 
""•.-"•'., 'r-^r-tm'-z*???*££^-- -^ ••:••-••::•: •..-. • 

Since (1,2)  ia satisfied-for all x if and only if 

v® have (writing hereafter'£. for £.       anrfj&Qting that H(x)_^l for 
•   *~ n/K 

all x) 

P«P{H(xp^rain(i^ f £,1), is].-,. ...,'i| GJ 

_ sfP^ndnCH1    (-—2-^ £) , H"1 (1}}, isL, *..»,n |GJ ; 

=p£G(Xi)«.ndn(GH*-:L(^f £), 0JTj-(l)), ±»1,..-,nj'J^ 

Define the function L by 

/2±B     QSrHvY- *& frS 

•(1.5) L(V)» J       carny). 
/   lim      08""%) 

f o2- o<v«a 
for va. 

u? v«#i-.. 

Recall that U-~G(X) has the rectangular distribution ft in the vaait 

interval when X has c.d.f. G. We conclude 

(1.6)    Prfjbt<LC-i=j~*0, i«l,...,n]E^. 

Clearly nl9U2,„,.jU if aa ordered sample of the U^B*    Since -the 

joint probability, distribution ox (U^-B,* • • • i#a) is equal -to Sat for 

Qffi^U,^., ,gU isl snd zero eisevhere, we have 

,1 
„x(€> J«(-+3 ^T£) 

(1.7) p*»hi ; 
j 

Jo  J V-. 

dU -.„diJ0<iTJ-i s 



'-->-'•"•• 

Ii 4i{<.^o}»   t.T. :(V)«.V  for O-tV-Al -iid (1.7)   reauee*  tu 

•for-iUla."(4*3) iii £23* •••.i^Il.&riof'G. Tlu^^ivmi,,   I\T-ay be t^ss^i*-LtQ^^= 

^xterinatives^- )  it i& jjossiaie- to aerive- frou. -(.iwO" iuei-.ualitxSs tor 

ail -be >^t* 



II AUILhfcATIVES («) 

For given hypothesis H, we consider here alternatives G such that 

G(x) H(x", for all x and such that _<,£££ <CB  Qi(x)~G(x)3 e £  for 

^Te-»6signed£i»C. In view ot the aasuaction th-^t H£(F), G C(F) » 

the supremaa is actually attained, say .-.t XQ. Tir.it is, 

H(X0)-G(X0)a£. 

For intuitive reasons one .aay expect that under these restrictions 

the power of our test will be close to its raini-jiuia when G is close to 

the function G* defindi by 

/E(x)    for x<lTi(U0) 

c)s   i   U        for ST^UOJJSX- (2.1) cT(x)s   1   0Q      for iTt(U0)^x<x0 

\^H(x)    for x>X0 

where U0=H(X0)-£  ~G(X0)   . 

To verify this conjecture we consider 

c 
(2 .2)    if(v)ss(fa-i(v)«   1 

V for 0<\r-cao 

»0 fox u^^y*cvi 

V for V -s.V<l 
o 

1 i'cr V^>1 

where V s:K(X )„ o o' 



Let 

-• - r_ci;   f  \7 

(-.3) k.[n(V0-£)] 

where FA] * greatest integer less tnan A . 

We sant to thov L(V)aS*L*{V) for ail V. We note first tn..t for 

0<-V<:i 

(2.4) L(V)£V. 

Sup/ose X=-ll~1(V).    Then VsH(x)  and G(x)»GH*'1(V}mL(V).    b> 

ai^u.3.Jtion G(x)i£ii(x) j  therefore L( V)J£KVO 

We note next til t for j-f-.i'Si.-asSk '..e frive-^-j-gJLg *-£<SkV0*    tuer. f or' 

(2.5) L(B + £)£UVohUo for j + l«Sa£k. 

Cu.v~.iri/: up 

L(V)£.V»L*(y)    for O^V«:U0 and Y-s,V<i, 

whicii ..leans 

(2.6) I-(|f6)£l>*(tt+C)     for 0^i.i<j    «nd k + U&aK 

Further.    L(V)j£l    always,   so 

(2.7) L(f f£)^l*L*(f-+£)     for^f Ufau 

For-ulas (:;.5),   (2.6),  (>o7/   shov u? toat re^layin^ in (i.7)   the 

€• motion L by tne function L    in tue ujper ijuuito oi integration will 



not decrease these liuits. Heave 

-  — -jm ii.. 

'• 

'3- 
U        Juv 'k-n 

(*fn~+*   (-^A 

aun...du^ 42<^i—dU
kf2 •m "jtr~.it 

^•e •£ + £/•* 

^ ttf.; 

i^Vcai,,.^^...^! • 

-f>.l n-l 

Denote  the Integral  on toe r:t jnt by   j" 

By (2.3)   of    i1 j ve hare 

r.1 
I1 

'V**^* 

(2,9; 

;7 

e .;roceed to evaluate !£. 

,   n-^-1 

^ n-je-i 

ak4l    J 
(n-^«i)i 

*/ +i-• «%v• -^^m:"aU2dUi ' 

Ner.t vs want to uvaiua'^e 

(2.10) r •Jup 

(1-w * " y_    1 

:-^-3 

. . ,dJ;,_v 

Instead we «..• tr<•-luate a  2 l.i jnt~;r nore yonrral expression,    tie shal] 

have occasion to iis>: it Iv.ter  in our discussion as va.il as now. 

Let, 

re *m 4. r »«•" "t" fc. 

(2.11) 
J T4(c,d,oH   H     ...f*      rc^jVp^uJ+i 

J0 Jb 1 Jix? 



•:''••-- ..-•••-.-V,-:: 

l':<en vs. Bgty-w 

• 

- 

(2.12)" "T .(tv^fc) _•-- ^llft!'-* 

7'^ vi'*1"" 

•• . 

_• 

I.U30F;     B; -•-;..:':auction SYf 3 » 

or  j * 0,   trivial. 

. s^vsafc fee f'Setil --r axi   ! ,i    Trjcsri 

^ = 1 t    • Hil . -• I • -i 

"-' .    ,4..... -J.  „ -1/        .IT-' 

—       : 

• •   - 

• 

,_V   -     _.-       • • 
-   ..••'• 

*& ~TG£T" 
"CrJ. ! 

.- 
(e_   ^.^-."f1" 

n" -'I 

n 

- 

iojui 

" (c- aa 

—   .ti.TA-^-—--.   ._•••   -        . 

ft K^i<C --  (?L^S^ 

SfeLi^. 

(S ee (7.2)   ,fUj .. 



L (d-ri)l       T fa+l>+3 11 

F  U*5   v 

*-«  (e+| " 

d+1 
£ ———~- (c Q        (e. +• -—) 
(fctl)i(;.i+i)i n 

[dfOa+ir+lji 
df(tn+: >4i-t 

v,-:i 

. (6 -» s) 

This cccijl'etes the  prooi of beams i- 

Expression  (?.U>)  if ev&Lustefi iron u •->--•-;   a 
~s       _   .     .r ..  • as  follows.    j.n 12.u! sniKe ~i;.e 

chant's  of  '/ari:ib..es 

U       -0      ^ v kW?. Lk+i  i 

(2.13) 

with Jacobian urdtv..    (2.10)  rwcoaes 

,9 At*     f*3**-**^        _v        Y*-*^* iv.     ... av 

- u « vx       «"V/.._k_i 

where 6 *^-~- 4 £ •-" 



'   • '••^:'4-  • 

• 

By (:Vil)   this: a'.-uals 

n--k-l 

- >- - a n k-j-1 
t-1 

:•';•--• 

1 
""" 

= {n-k-i)t 
„ 

k>l n   • k*i 

E-tek-7 
y   (' n-k-lx / *   * _ ^ n- |^g   ^      ) 3t&ic~2 

!     «• 

J 

Sum-.rising our urc^ress to this ooiut., we h.-ive 

i-'f £.    j. t£. , 
ft pi      p    *ps ru 

c 
"*              — till       . ..cU 

V 
—   (n-k~l)».            kfl          1 

f?.u). 
Jo*113!    ^   '%*   *u* 

(n-.k-i.; I 
) \ *-fc *rtn 

/ n-f-i 

n 

l-n*T    "k+1 
a^-k-2 dU,   n..0cU, 

K-rl J- 

In trie .second integral i.u  (2.1Z.)  vrite 

^^"Uk^ 
rk+L__ y\ 

n     n 
•^.-C) 4 (&% - u^) 

n 

and  place thi;j 1 actor iiuviae KHJ -"su-oawxcii; a. 

Then we have 

-.fv. ••   n»i   +.;.r>   -iri+.fr.rrsrxij 



xo 
• 

i -idbu g^n - *• -1} 
(n-k-l)l  C 

n n->" n (.2.15) -     2J 

(2*16) :%.:fei>.*?)3 
.f* I .  -\ •   •       1 (n•••- U        )      dd  " ,v..db. . 

pi 

wa now Mis" V,J 
-     k -A l-l       To   btiis end  let'US  first erfcfeSJFfe o evaluate PV&-> p;.,    iu     • 

WO-. fo 

im!fi^V9lmBliimmmgtit 

* "   0.U a",' * ClU". 
k4l If ^ 

L.Ei-iA-2:' 

^ '   -   •# bl <sVb * *"'' J)(a- U   )*(U     -.OUT.) 
,b + ic- j- r 

FliOOF:     by induction on k* 

i)     For ksj  i 1. 

JT-1- 

PF 

^+1 
(a-U      i**1             (a-U^ 

JTX  •  
  bfl b •* 1 



The formula yields 

#TT).  |... <">-".>'<».-V 
b 4 1 - r 

rru 

b+1 /_,   v   r 
;v oy O JfX o 

r*0 

—"TTT I (a - U,.J        •    a - II ) bfl I JT
L o i- 

2)     Assume the result true  for all k,  j ± 2£fc5Lsi.    'ihen 

w (a- U     JudU     ..o.^OU 
..IT- .".f*' JT- 

(a-Uj*^ 
a:—  °   ...r° du   ,...du. . 
,1      J^      JU(a      .ufl ... 

,        .,    , bfl (a-U   i 
-~  h    (a,bfl) —-: ' 
bfl    m L

T-I- 

fn    - li .   -) - J 

U - J)i 

bfl  *     (b+lfa - j)t  J&  * r      ' 

(a-UQ) 
bfl 

bfl 

r=0 

Cu   -u. .)*' 

.r.        ,.      vbfir.i -j-  r 

•j 

-. J»i rn >r (a+i)  -Ju        .r. .bfUfl)-; 

u r-u 

'his completes the proof of Leaia .., 



12 
• 

Thus we have now: 

(2.19) (b •*-;);   2^    r o      JoJ(Ji 

. 

bf-k-j-r   ... j.   ,« 
• 

The integral in the above expression is easily  evaluated  by 

Leirraa 1.    In the notation of toe l&raa,  this integral is ei ual to 

T.(U  ,  b*-j-r).i^S±4i 
b+-<U-r       i-,    .u+kfx-r 

Jo "^L   l       h       ' t»0 t 

on n 

Suamarizing our results,   we obtain 

LElii'iA 3: 

(2.20)     S(atb)= bi 
(lHk-il)l 

C^)(a-U0)r bfk-fl-r 

t=0 

bfk-fl-r. 

_%)Wi~t t 

o n 

t t-1 
( S.+ -) 

where S(a,b) is defined by (2.16). 

Substituting into (2,15) and after a bit of nut difficult algebra, 

we obtain the 

TliEOKKis    For ,dven hypothesis H £r(F)  ana for all alternatives G€t(F) 

such that G(j-)£iH(x)   for  all x and  such  that H(X )   - G(X_) = o f°r  i-iven h 0 o 

and s-0-.tie X »   tns   jower  jf Uie test described In tie introduction is  at 
0 

lea t as large as (l-nl I   )  where 



13 

(2.21) 

mi=a1ro   (?) (i~u0)\
n-*- 

(v^«^V**>w 

/     2/-k-l 

i£k+l      rO      n-^,r n n o      o 

^k-j-1        r^O    £55 z^>1»° n n o 

iVi-'f'^f1 

and wiiere 

n    . nl 
S:,b,..;     albi ...(n- a- b-...)l 

Ihis lower bourd a? a function of H(X ), S, i- cannot be improved, 

since Lor any jiver. H<£(F), Xn, £. , and d"e can coiistruct a G€.(F) 

arbitrarily close to L*. 



The upper bound for the power is the sane as that obtained in 

["3J although •<•.  different alternative is considered there. The upper 

bound is 

i*K) 

where ra=[n(l -ST^U Qnd the upper bound 1 f or £ <£ £„ This upper 

bound cannot be improved. 
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